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w x Ž . Ž .We prove that the operator Au [ a u0, with a g C 0, 1 and a x ) 0 in 0, 1 ,
pŽŽ . .  pŽ . < < < pgenerates an analytic C -semigroup on L 0, 1 , 1ra [ u g L 0, 1 u ra go
1Ž .4L 0, 1 , 1 - p - ‘, provided that some additional assumptions depending on the
domain of A are required for a . The main tools used here are J. Neuberger's
sufficient condition for analyticity and the Stein Interpolation Theorem. Q 1998
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INTRODUCTION
Recently, many authors investigated the analyticity problem for C -o
semigroups generated by second-order differential operators of the type
Au [ a u0 q b u9,
w x Ž . Ž . Ž . Ž .where a , b g C 0, 1 , with a x ) 0 in 0, 1 and a 0 s 0 s a 1 , in the
framework of L p or weighted L p-spaces, with or without Wentzell bound-
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Ž w x w x w x w x.ary conditions see, for instance, 19 , 15 , 3 , 5 . Here we ask that
w x Ž . Ž .a g C 0, 1 verifies a x ) 0 in 0, 1 and restrict ourselves to the case
where b s 0. Our purpose consists of proving that, under suitable assump-
tions on a , the analyticity of the semigroup generated by A can be
w xobtained by means of the sufficient condition given by Neuberger in 16 .
Ž Ž ..This condition says that whenever a C -semigroup T t verifies theo t G 0
estimate
lim sup I y T t - 2,Ž .
tx0
Ž Ž ..then T t is analytic in a sector around the nonnegative real axis. Thet G 0
applicability of the Neuberger result was noted in another context by W.
Ž w x. w xArendt and J. A. Goldstein cf. 2 . T. Kato in 14 extended Neuberger's
result into an elegant necessary and sufficient condition for analyticity, but
Neuberger's original result seems to be in the most useful form for
Ž wconcrete applications. It also appears in the textbook literature cf. 10,
x w x.Exercise 5.10.5, p. 38 and 17, Corollary 5.7, p. 68 .
We thank the referee for pointing out that Neuberger's necessary
condition is also sufficient in the case of uniformly convex Banach spaces
Ž w x. pcf. 17, Corollary 5.8, p. 68 and the weighted-L spaces that we consider
Ž .here for 1 - p - ‘ are uniformly convex.
p Ž .Let us introduce the weighted-L spaces 1 F p - q‘ , which are
defined as follows:
< < p1 u
p p 1<L 0, 1 , [ u g L 0, 1 g L 0, 1 1 F p - q‘Ž . Ž . Ž . Ž .½ 5ž /a a
1rpp< <u xŽ .1
5 5u [ dx .p , 1ra Hž /a xŽ .0
pŽŽ . . p Ž .In other words, L 0, 1 , 1ra is the L space on the interval 0, 1
Ž . Ž .equipped with the measure dm x s 1ra x dx.
We are interested in the analyticity of the C -semigroup generated byo
Ž pŽŽ . . 5 5 .the operator A in L 0, 1 , 1ra , u , where 1 - p - ‘, both inp, 1ra
case the domain of A contains Dirichlet boundary conditions and it
contains Neumann boundary conditions. Our proof combines results of
w x w xBarbu, Favini, and Romanelli 3 and Wang 21 with Neuberger's criterion
w xfor analyticity 16 . The main tool connecting these results is the Stein
w x 1Ž .Interpolation Theorem 4 . Finally we remark that if a g C 0, 1 and the
domain of A contains Neumann boundary conditions, our results must be
compared with those obtained by Campiti, Metafune, and Pallara for
pŽ .degenerate operators in the divergence form, in the framework of L 0, 1
Ž .spaces 1 - p - ‘ .
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2ŽŽ . .1. ANALYTICITY IN L 0, 1 , 1ra
w xAs in the Introduction, in the following we shall assume that a g C 0, 1 ,
with
a x ) 0 for x g 0, 1 .Ž . Ž .
² :Let us observe that the norm associated with the inner product ?, ? 1r a
given by
u x ¤ x 1Ž . Ž .1 2² :u , ¤ [ dx , u , ¤ g L 0, 1 , ,Ž .1r a H ž /a x aŽ .0
5 5 2ŽŽ . .is the ? -norm on L 0, 1 , 1ra .2, 1ra
2ŽŽ . .Let us introduce the following subspaces of L 0, 1 , 1ra :
1
X 2 1 2<D A [ u g L 0, 1 , u g H 0, 1 l H 0, 1 ,Ž . Ž . Ž . Ž .2 o l oc½ ž /a
1
2a u0 g L 0, 1 , ,Ž . 5ž /a
DY A [ the completion of C‘ 0, 1 with respect to the normŽ . Ž .2 c
1r22 2 25 5 5 5 5 5u q u9 q u0 ,Ž .2, 1ra 2 2, a
‘Ž .where C 0, 1 denotes the space of all infinitely differentiable functionsc
Ž .on 0, 1 with compact support, and
N 1 <w xD A [ u g C 0, 1 l C 0, 1 u9 g AC 0, 1 ,Ž . Ž . Ž .2 l oc½
1
2a u0 g L 0, 1 , , lim u9 x s 0 .Ž . Ž . 5ž / q ya x“0 , 1
Ž . Ž Y Ž ..PROPOSITION 1.1. i A, D A is a nonpositi¤e self-adjoint operator2
2ŽŽ . .and, hence, is m-dissipati¤e in L 0, 1 , 1ra . Thus, it generates an analytic
2ŽŽ . .semigroup of contractions on L 0, 1 , 1ra .
Ž .ii If , in addition,
11
dx - q‘, 1.1Ž .H
a xŽ .0
X Ž . Y Ž . Ž X Ž ..then D A s D A , and, hence, A, D A generates an analytic semi-2 2 2
2ŽŽ . .group of contractions on L 0, 1 , 1ra .
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Ž . Ž . 1Ž .iii Assume that 1.1 holds and assume that a g C 0, 1 . Then
Ž NŽ ..A, D A is a nonpositi¤e, self-adjoint, and m-dissipati¤e operator on2
NŽ .D A ; hence A generates an analytic semigroup of contractions on2
2ŽŽ . .L 0, 1 , 1ra .
w xRemark 1.2. As a consequence of 10, p. 105 , there exists a measure
Ž . 2ŽŽ . . 2Ž .space M, dm , a unitary identification of L 0, 1 , 1ra with L M, dm ,
Y Ž . Ž X Ž .and a real measurable function h on M, such that D A s D A if2 2
Ž . .1.1 holds coincides with
2 2< < <f : M “ R f measurable, 1 q h x f x dm x - ‘Ž . Ž . Ž .Ž .H½ 5
M
Y Ž .and Af s hf for f g D A .2
Ž . Ž .Proof. Parts i and ii follow as a consequence of the work of Barbu et
w xal. 3, Theorems 1.1 and 1.2 and Corollary 1.1 .
Ž .To prove part iii , notice
11² :Au, ¤ s a x u0 x ¤ x dxŽ . Ž . Ž .H
a xŽ .0
1
s u0 x ¤ x dxŽ . Ž .H
0
1
s y u9 x ¤ 9 x dxŽ . Ž .H
0
1
s u x ¤ 0 x dx ,Ž . Ž .H
0
that is A is symmetric. Also, clearly,
1 2² : < <Au, u s y u9 x dx - 0 unless u is constant .Ž . Ž .H
0
2ŽŽ . .Hence, A is a nonpositive symmetric operator on L 0, 1 , 1ra with
NŽ . NŽ .domain D A , and so A is dissipative on D A . It remains to show that2 2
Ž . ‘Ž .R I y A is dense. Let h g C 0, 1 . It suffices to solvec
u y Au s h
1.2Ž .lim u9 x s 0.Ž .
q yx“0 , 1
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Ž . Ž .Let x g 0, 1 . Evaluating 1.2 at x gives
u x h xŽ . Ž .
y u0 x s , x g 0, 1 . 1.3Ž . Ž . Ž .
a x a xŽ . Ž .
Set
x
y1¤ x [ u s a s dsŽ . Ž . Ž .H
0
and
x
y1f x [ h s a s ds.Ž . Ž . Ž .H
0
2ŽŽ . . 1ŽŽ . . w xObserve that u g L 0, 1 , 1ra : L 0, 1 , 1ra , and so ¤ g C 0, 1 . In-
Ž .tegrating 1.3 from 0 to x, we see
¤ x y u9 x s f x . 1.4Ž . Ž . Ž . Ž .
Ž .Then, for x g 0, 1 ,
u x s ¤ 9 x a xŽ . Ž . Ž .
u9 x s ¤ 0 x a x q ¤ 9 x a 9 x .Ž . Ž . Ž . Ž . Ž .
NŽ .Thus u g D A implies2
lim a x ¤ 0 x q ¤ 9 x a 9 x s 0.Ž . Ž . Ž . Ž .
q yx“0 , 1
Ž .Hence, 1.2 is equivalent to
¤ x y a x ¤ 0 x q a 9 x ¤ 9 x s f xŽ . Ž . Ž . Ž . Ž . Ž .
1.5Ž .
lim a x ¤ 0 x q a 9 x ¤ 9 x s 0.Ž . Ž . Ž . Ž .
q yx“0 , 1
Denoting by
B¤ [ a ¤ 0 q a 9¤ 9,
Ž .we see that 1.5 is equivalent to the problem
¤ x y B¤ x s f xŽ . Ž . Ž .
1.6Ž .lim B¤ x s 0.Ž .
q yx“0 , 1
Ž Ž ..Our aim is to show that the operator B, D B satisfies the hypotheses of
w x Ž Ž ..Clement and Timmermans 6, Theorem 2 ; thus B, D B is m-dissipativeÂ
w x w xon C 0, 1 . According to 6 , it suffices to prove
W g L1 0, 1 , 1.7Ž . Ž .
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where, in our case,
x a 9 sŽ .
w x [ exp y dsŽ . H
a sŽ .1r2
Ž .for x g 0, 1 . But clearly in this case,
1a Ž .2
w x s .Ž .
a xŽ .
Ž . Ž Ž ..Using our hypothesis, 1.7 holds, and so B, D B is m-dissipative in
w x Ž . w x 2Ž .C 0, 1 . Therefore, 1.6 has a solution ¤ g C 0, 1 l C 0, 1 with
lim a x ¤ 0 x q a 9 x ¤ 9 x s 0.Ž . Ž . Ž . Ž .
q yx“0 , 1
Ž . 1Ž .Hence our solution u s a ¤ 9 of 1.2 is C 0, 1 . Thus u y a u0 y h
2Ž .implies u g C 0, 1 , and hence our operator A is essentially m-dissipative
NŽ .on D A .2
Ž .Remark 1.3. This same proof actually shows that R I y A is dense in
NŽ .D A for 1 F p - ‘, wherep
1
N 1 p<w xD A s u g C 0, 1 l C 0, 1 a u0 g L 0, 1 ,Ž . Ž . Ž .p ½ ž /a
u g AC 0, 1 , lim u9 x s 0 .Ž . Ž .l oc 5q yx“0 , 1
Ž NŽ .. NŽ .Next, we shall prove A, D A is also closed, and hence A on D A is2 2
2ŽŽ . . ‘Ž .m-dissipative. Let h g L 0, 1 , 1ra and choose h g C 0, 1 such thatn c
2ŽŽ . . 2Ž .h “ h in L 0, 1 , 1ra . Let u g C 0, 1 be the solution ofn n
u y a uY s h , 1.8Ž .n n n
NŽ . NŽ .with u g D A . Next, we notice that A on D A is dissipative onn 2 2
w x Ž 5 5 Ž .C 0, 1 . This is clear since, if u s u x and if 0 - x - 1, then‘ o o
² :Au, J u s Au x s a x u0 x F 0Ž . Ž . Ž . Ž .o o o
by the second derivative test. Here J: X “ 2 X is the duality map for
w x Ž w x. 5 5 Ž .C 0, 1 cf. 10 . Next consider the case x s 0, i.e., u s u 0 ; we‘o
suppose
² :Au, J u s Au 0 s a 0 u0 0 ) 0.Ž . Ž . Ž . Ž .
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Ž . Ž . qThen u0 x tends to a strictly positive limit and u9 x “ 0 as x “ 0 ;
Ž . Ž .hence u9 x ) 0 on 0, e for some e ) 0, and this is a contradiction. If
5 5 Ž .u s yu 0 , replace u by yu and apply the above argument. A similar‘
.argument holds if x s 1.o
Thus, if u y Au s h, then
5 5 5 5u F h . 1.9Ž .‘ ‘
Ž .  4 2ŽŽ . .Clearly, 1.9 shows u is a Cauchy sequence in L 0, 1 , 1ra , sincen ng N
y1 1Ž .a g L 0, 1 ; hence u “ u in this space, where u is a solution ofn
2ŽŽ . .u y a u0 s h with a u0 g L 0, 1 , 1ra . Moreover,
a uY g L2 0, 1 , 1ra : L1 0, 1 , 1raŽ . Ž .Ž . Ž .n
implies
1w x X w xu g C 0, 1 , u g AC 0, 1 ,n n
and, using the boundary conditions, we have
uX 0 s uX 1 s 0.Ž . Ž .n n
w xApplying the conclusion of Dorroh and Rieder 8, Lemma 3.1 , we see
5 X X 5 5 5 5 Y Y 5u y u F 4 u y u q u y u‘ ‘ 1n m n m n m
5 5 5 Y Y 5s 4 u y u q a u y a u‘ 1, 1ran m n m
“ 0 as n , m “ ‘.
X w xThus, u “ u9 uniformly on 0, 1 , and it follows thatn
u9 0 s u9 1 s 0;Ž . Ž .
NŽ .that is, A is closed on D A .2
X Ž . Y Ž .Remark 1.4. For the operator A on D A or D A , the fact that A is2 2
y1 1Ž . w x w xm-dissipative when a g L 0, 1 can be found in 6 , 12 .
1ŽŽ . .2. GENERATION IN L 0, 1 , 1ra
Let us consider
Au [ a u0
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on the two domains
1
1 2, 1<w xD A [ u g L 0, 1 , l C 0, 1 u g W 0, 1 ,Ž . Ž . Ž .1 l oc½ ž /a
1
1Au g L 0, 1 , , u 0 s u 1 s 0Ž . Ž . Ž . 5ž /a
and
1
N 1 2, 1<D A [ u g L 0, 1 , u g W 0, 1 ,Ž . Ž . Ž .1 l oc½ ž /a
1
1Au g L 0, 1 , , lim u9 x s 0 .Ž . Ž . 5ž / q ya x“0 , x“1
THEOREM 2.1. Under the abo¤e assumptions,
Ž . Ž Ž .. 1ŽŽ . .i The operator A, D A is dissipati¤e on L 0, 1 , 1ra .1
Ž . Ž NŽ .. 1ŽŽ . .ii The operator A, D A is dissipati¤e on L 0, 1 , 1ra .1
1ŽŽ . . Ž .Proof. Let l ) 0, h g L 0, 1 , 1ra , and u g D A , where u is a1
solution of the equation
u y l Au s h.
Then, u is continuously differentiable and u9 is locally absolutely continu-
Ž .ous in 0, 1 . Let us define
<w xu ) 0 [ x g 0, 1 u x ) 0 s a , b 4Ž . Ž . Ž .D n n
ngJ
<w xu - 0 [ x g 0, 1 u x - 0 s c , d , 4Ž . Ž . Ž .D n n
ngK
where J and K are finite or countable sets and the indicated open
intervals are pairwise disjoint; we compute
1 y15 5u s u x sign u a x dxŽ . Ž . Ž .Ž .1, 1ra H
0
1 1y1 y1s h x sign u a x dx q l Au x sign u a x dxŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž .H H
0 0
5 5F h q ld ,1, 1ra
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where
1 y1
d [ Au x sign u a x dxŽ . Ž . Ž .Ž .H
0
y1 y1s Au x sign u a x dx q Au x sign u a x dxŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž .H H
w x w xu)0 u-0
y1q Au x sign u a x dxŽ . Ž . Ž .Ž .H
w xus0
b y1ns Au x sign u a x dxŽ . Ž . Ž .Ž .Ý H
anngJ
d y1nq Au x sign u a x dx.Ž . Ž . Ž .Ž .Ý H
cnngK
bn Ž . Ž .Ž Ž ..y1Let us examine the term H Au x sign u a x dx. If 0 - a - b - 1,a n nn
Ž .then by the construction of a , b ,n n
u a s 0 s u b and u9 a G 0 G u9 b .Ž . Ž . Ž . Ž .n n n n
Therefore, we deduce that
b by1 y1n nAu x sign u a x s Au x a x dxŽ . Ž . Ž . Ž . Ž .Ž . Ž .H H
a an n
b y1ns a x u0 x a x dxŽ . Ž . Ž .Ž .H
an
bns u0 x dx s u9 b y u9 a F 0.Ž . Ž . Ž .H n n
an
If 0 s a - b - 1, we haven n
b by1 y1n nAu x sign u a x dx s a x u0 x a x dxŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž .H H
0 0
bns u0 x dxŽ .H
0
s u9 b y u9 0 .Ž . Ž .n
Ž .Since u g D A , by the boundary conditions1
u 0 s 0 s u b and u9 0 G 0 G u9 b ,Ž . Ž . Ž . Ž .n n
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it follows that
b y1nAu x sign u a x dx F 0.Ž . Ž . Ž .Ž .H
0
Ž .A similar argument applies to the remaining cases of i .
Ž .To prove ii , the same argument works as in the preceding case for the
Ž . Ž .intervals a , b , where 0 - a - b - 1 or c , d with 0 - c - d - 1.n n n n n n n n
We need only consider intervals where a boundary point is involved. If
0 s a - b - 1, we have, as before,n n
b by1n nAu x sign u a x dx s u0 x dxŽ . Ž . Ž . Ž .Ž .H H
0 0
s lim u9 b y u9 e F 0,Ž . Ž .nqe“0
NŽ . XŽ . Ž .qsince u g D A implies lim u e s 0 and u9 b F 0 by the defini-1 e “ 0 n
tion of b .n
A similar argument again applies to the remaining cases.
Ž .THEOREM 2.2. Let the hypotheses of Theorem 2.1 hold and assume 1.1 .
Ž . 1ŽŽ . .i For any l ) 0, h g L 0, 1 , 1ra the problem
u y l Au s h , u g D A 2.1Ž . Ž .1
Ž . 1w x 2Ž .has a unique solution u g D A such that u g C 0, 1 l C 0, 1 . Thus the1
Ž Ž .. 1ŽŽ . .operator A, D A is m-dissipati¤e on L 0, 1 , 1ra .1
Ž .ii Assume in addition that
a g C1 0, 1 .Ž .
1ŽŽ . . Ž .Then for any l ) 0 and h g L 0, 1 , 1ra , the problem 2.1 has a unique
NŽ . 1w x 2Ž .solution u g D A such that u g C 0, 1 l C 0, 1 . Hence, the operator1
Ž NŽ .. 1ŽŽ . .A, D A is m-dissipati¤e on L 0, 1 , 1ra .1
Ž . 1ŽŽ . .iii For l ) 0 and h g L 0, 1 , 1ra , h G 0, the solution u g
1w x Ž . Ž . NŽ .C 0, 1 of 2.1 in D A or D A , satisfies1 1
u x G 0 for all x g 0, 1Ž . Ž .
Ž . Ž .whene¤er h x G 0 for all x g 0, 1 .
Ž .Proof. The essential m-dissipativity of A on D A follows from Gold-1
w x Ž . w xstein and Lin 12 in case i . Goldstein and Lin assumed that a g C 0, 1 ,
Ž . Ž .but only used a g C 0, 1 . That the conclusion holds with only a g C 0, 1
Ž y1 1Ž .. Ž w x.and a g L 0, 1 was noted by Goldstein and Wang see Wang 21 .
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Ž .For ii , the essential m-dissipativity follows from the same argument as in
Ž . Ž . Ž . Žthe proof of Proposition 1.1 iii see Remark 1.3 . We are done in i resp.
Ž .. Ž . Ž NŽ ..ii if we can show that the operator is closed on D A resp. on D A .1 1
1ŽŽ . . ‘Ž .Let h g L 0, 1 , 1ra and choose h g C 0, 1 such that h “ h inn c n
1ŽŽ . . 2Ž .L 0, 1 , 1ra . Let u g C 0, 1 be the solution ofn
u y la uY s h , 2.2Ž .n n n
Ž . Ž NŽ .. Ž . Ž NŽ ..with u g D A resp. u g D A . Since A on D A resp. D A isn 2 n 2 1 1
w x w x Ždissipative in C 0, 1 by Clement and Timmermans 6 resp. the argumentsÂ
Ž ..in the proof of Proposition 1.1 iii , we have, for each n, m g N,
5 5 5 5 5 5 5 5u F h , u y u F h y h .‘ ‘ ‘ ‘n n n m n m
 4 1ŽŽ . . y1Clearly, u is a Cauchy sequence in L 0, 1 , 1ra , since a gn ng N
1Ž . 1ŽŽ . .L 0, 1 . Thus, u “ u in L 0, 1 , 1ra , where u is a solution ofn
u y la u0 s h ,
1ŽŽ . . Y 1ŽŽ . .with a u0 g L 0, 1 , 1ra . Also, since a u g L 0, 1 , 1ra , u gn n
1w x X w x Ž . Ž . Ž . X Ž .C 0, 1 , u g AC 0, 1 , and hence u 0 s u 1 s 0 in case i or u 0 sn n n n
X Ž . Ž . wu 1 s 0 in case ii . In either case, using Dorroh and Rieder 8, Lem-n
xma 3.1 , we see
5 X X 5 5 5 5 Y Y 5u y u F 4 u y u q u y u‘ ‘ 1n m n m n m
5 5 5 Y Y 5s 4 u y u q a u y a u‘ 1, 1ran m n m
“ 0 as m , n “ ‘.
X w x Ž . Ž . Ž .Thus, u “ u9 uniformly on 0, 1 , so that u 0 s u 1 s 0 in case i andn
Ž . Ž . Ž . Ž . 1ŽŽ . .u9 0 s u9 1 s 0 in case ii . To prove iii , let h g L 0, 1 , 1ra , h G 0,
Ž . Ž NŽ .. Ž .and assume u g D A resp. u g D A is a solution of 2.1 for l ) 0.1 1
1w xBy the above argument we deduce u g C 0, 1 , and the set
<w x w xu G 0 [ x g 0, 1 u x G 0 4Ž .
Žhas positive Lebesgue measure. If not, write
u x y h xŽ . Ž .
s Au x s a x u0 x .Ž . Ž . Ž .
l
But then
u x y h xŽ . Ž .1 1
0 ) dx s u0 x dx G 0,Ž .H H
la xŽ .0 0
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. 1w x w xwhich is a contradiction in either case. Since u g C 0, 1 , u - 0 is open
and can be written as
w x  4u - 0 _ 0, 1 s a , b ,Ž .D n n
ngJ
Ž .where J is an at most countable set, and the intervals a , b are pairwisen n
disjoint. If J s B, we are done, so assume J / B, and let n g J. Suppose
Ž . Ž . Ž . Ž .0 - a - b - 1. Then u a s u b s 0 and u9 a F 0 F u9 b . Thenn n n n n n
u x y h xŽ . Ž .bn dx - 0,H
la xŽ .an
but
bnu0 x dx s u9 b y u9 a G 0,Ž . Ž . Ž .H n n
an
which is a contradiction. Similar arguments hold at the endpoints. Thus,
u x G 0 for all x g 0, 1 .Ž . Ž .
ŽTHEOREM 2.3. Assume the same hypotheses of Theorem 2.2 that is,
Ž . Ž . Ž . 1Ž .assume 1.1 for A on D A and assume 1.1 and a g C 0, 1 for A on1
NŽ .. Ž . NŽ .D A . Then, the operator A with domain D A or D A where1 11 11
1
1 1 <w x w xD A [ u g L 0, 1 , l C 0, 1 u9 g AC 0, 1 ,Ž . Ž .11 ½ ž /a
u0 g L1 0, 1 , u 0 s u 1 s 0Ž . Ž . Ž . 5
and
1
N 1 1 <w x w xD A [ u g L 0, 1 , l C 0, 1 u9 g AC 0, 1 ,Ž . Ž .11 ½ ž /a
u0 g L1 0, 1 , u9 0 s u9 1 s 0Ž . Ž . Ž . 5
satisfies the following properties:
X 1Ž . Ž . Ž . ŽŽ . .1 D A ; D A , D A s L 0, 1 , 1ra andŽ .2 11 11
N N N 1Ž . Ž . ŽŽ . .D A ; D A , D A s L 0, 1 , 1ra .Ž .2 11 11
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Ž . Ž Ž .. Ž NŽ .. 1ŽŽ . .2 A, D A and A, D A are closed in L 0, 1 , 1ra .1 1
Ž . Ž Ž .. Ž NŽ .. 1ŽŽ . .3 A, D A and A, D A are m-dissipati¤e in L 0, 1 , 1ra .11 11
Ž . Ž Ž .. Ž Ž ..4 A, D A coincides with A, D A and the closure of11 1
Ž X Ž .. 1ŽŽ . . Ž NŽ ..A, D A in L 0, 1 , 1ra . Similarly, A, D A coincides with2 11
Ž NŽ .. Ž NŽ ..A, D A and the closure of A, D A .1 2
1Ž . Ž .Proof. Note that u g C 0, 1 , and lim u9 x s 0 is equivalent
q yx“0 , x“1
1w x Ž . Ž .to u g C 0, 1 and u9 0 s u9 1 s 0.
Ž . X Ž . Ž .1 As a consequence of the definitions of D A and D A , we2 11
deduce that
1
X 1D A ; D A ; L 0, 1 , .Ž . Ž . Ž .2 11 ž /a
1Ž . 1ŽŽ . . Ž .Since C 0, 1 is dense in L 0, 1 , 1ra , then D A is dense inc 11
1ŽŽ . .L 0, 1 , 1ra . The argument for the superscript N is similar.
Ž . Ž . NŽ .2 Let us consider a sequence h , h g D A , such thatn ng N n 11
Y 1ŽŽ . .h “ h and a h “ g in L 0, 1 , 1ra . This implies thatn o n o
goY 1h “ g L 0, 1 .Ž .n a
Since hX “ hX and hY “ hY in the sense of distributions and g ra is an o n o o
Y Y 1Ž .function, then h s g ra . Consequently, h g L 0, 1 . By the above argu-o o o
w x Žment, using Dorroh]Rieder 8 which we gave in the proof of Theorem
Ž .. 1w x X Ž . X Ž .2.2 ii , we deduce h g C 0, 1 and h 0 s h 1 s 0. Thus, we concludeo o o
Ž NŽ .. Ž Ž ..that the operator A, D A is closed. The proof for A, D A is11 11
exactly analogous.
Ž . Ž Ž ..3 From Theorem 2.1, we already know that A, D A is dissipa-1
X Ž . Ž .tive. Since D A : D A , for any l ) 0, we have2 1
1
1 X<L 0, 1 , s R I y l A by Proposition 1.1Ž . Ž .Ž .D Ž A.2ž /a
<; R I y l AŽ .D Ž A.11
<s R I y l AŽ .D Ž A.11
1
1; L 0, 1 , .Ž .ž /a
Ž Ž ..Therefore, A, D A is m-dissipative. A similar argument holds for11
Ž NŽ ..A, D A .11
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Ž . X Ž . Ž . X Ž . Ž . Ž Ž ..4 Recall that D A ; D A , D A ; D A and A, D A ,2 1 2 11 1
Ž Ž .. Ž X Ž ..A, D A are closed dissipative extensions of A, D A , which is11 2
Ž Ž .. Ž Ž ..essentially m-dissipative. Then A, D A s A, D A coincides with11 1
Ž X Ž .. Ž NŽ .. Ž NŽ ..the closure of A, D A . Similarly, A, D A and A, D A are2 1 11
Ž NŽ ..closed dissipative extensions of A, D A , which is itself essentially2
m-dissipative.
3. ANALYTICITY IN WEIGHTED-L p SPACES
ŽLet us recall the following generalized Stein interpolation theorem see
w x.4, Theorem 3.6, p. 213 .
Ž . Ž .THEOREM 3.1. Let R, m and S, n be totally s-finite measure spaces,
and let T be a linear operator defined on the m-simple functions on R and
Ž .taking ¤alues in the n-measurable functions on S. Suppose that u , ¤ i s 0, 1i i
are positi¤e weights on R and S, respecti¤ely, and that 1 F p F q F ‘.i i
Suppose
5 5Tf ¤ F M fu i s 0, 1Ž . Ž .pqi i i ii
for all m-simple functions f. Let 0 F u F 1 and define
1 1 y u u
[ q ,
p p po 1
1 1 y u u
[ q ,
q q qo 1
and
u [ u1yu uu , ¤ [ ¤ 1yu ¤ u .o 1 o 1
Then, if p - ‘, the operator T has a unique extension to a bounded linear
operator from L p to Lq , which satisfiesu ¤
1yu u p5 5Tf ¤ F M M fu , for all f g L .Ž . q po 1 u
Let us apply this result to our space.
1Ž .PROPOSITION 3.2. Assume 1ra g L 0, 1 .
Ž . Ž Ž .. Ž Ž ..i Let us denote by T t the semigroup generated by A, D At G 0 1
1ŽŽ . . Ž Ž .. 2ŽŽ . .in L 0, 1 , 1ra or by its restriction A, D A in L 0, 1 , 1ra .2
Ž .Then, for e¤ery 1 - p - 2, T t y I is a bounded linear operator acting on
pŽŽ . .L 0, 1 , 1ra with
t1yt
T t y I F T t y I T t y I , t G 0. 3.1Ž . Ž . Ž . Ž .p , 1ra 2, 1ra 1, 1ra
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Ž . 1Ž . Ž Ž ..ii Suppose, in addition a g C 0, 1 . Let S t be the semigroupt G 0
Ž NŽ .. 1ŽŽ . . Ž NŽ ..generated by A, D A in L 0, 1 , 1ra or by its restriction A, D A1 2
2ŽŽ . . Ž .on L 0, 1 , 1ra . Then for e¤ery 1 - p - 2, S t y I is a bounded linear
pŽŽ . . Ž .operator acting on L 0, 1 , 1ra that satisfies 3.1 .
Here 0 - t - 1, and t satisfies
1 1 y t
s q t 3.2Ž .
p 2
Ž Ž . .i.e., t s 2 y p rp .
Proof. We apply Theorem 3.1 with
p s q s 2o o
p s q s 1,1 1
1
u s u s ¤ s ¤ s ,1 o o 1 a
Ž . Ž . Ž . Ž .and T [ T t y I in i or T [ S t y I in ii .
1Ž .PROPOSITION 3.3. Let 1ra g L 0, 1 and 1 - p - 2.
Ž . Ž Ž .. pŽŽ . .i Then the semigroup T t on the space L 0, 1 , 1ra ob-t G 0
Ž .tained in Proposition 3.2 i is analytic.
Ž . 1Ž . Ž Ž ..ii Suppose, in addition, a g C 0, 1 . Then the semigroup S t t G 0
pŽŽ . . Ž .on L 0, 1 , 1ra obtained in Proposition 3.2 ii is analytic.
Ž . Ž .Proof. We give the proof for i . The proof for ii is the same.
2ŽŽ . .According to Remark 1.2, for every t G 0 in L 0, 1 , 1ra , the opera-
Ž . t mtor T t y I can be identified by e y 1, with m F 0. Then
T t y I F 1,Ž . 2, 1ra
Ž Ž .. 1ŽŽ . .for each t ) 0. Since T t is contractive in L 0, 1 , 1ra , it followst G 0
that
T t y I F 2.Ž . 1, 1ra
Therefore, for all t ) 0,
T t y I - 2,Ž . p , 1ra
and the Neuberger result applies.
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y1 1Ž . Ž .THEOREM 3.4. Let a g L 0, 1 , where a g C 0, 1 and a ) 0 on
Ž . Ž Ž .. Ž Ž ..0, 1 . Let the semigroups T t and S t be as in Proposition 3.2.t G 0 t G 0
Ž Ž .. 1Ž .When considering S t , assume in addition that a g C 0, 1 . Viewt G 0
T s T t [ T t , S s S t [ S tŽ . Ž . Ž . Ž .Ž . Ž .Ž . Ž .tG0 tG0p p p ptG0 tG0
pŽŽ . .as being semigroups defined on L 0, 1 , 1ra , for 1 F p F ‘. Then both Tp
pŽŽ . .and S are analytic on L 0, 1 , 1ra , for 1 - p - ‘.p
Proof. The formal calculation
11 Y² :Au, ¤ s a u ¤ dxŽ .H
a0
1 Ys u ¤ dxH
0
1
s u¤ 0 dxH
0
11
s u a ¤ 0 dxŽ .H
a0
² :s u , A¤ 3.3Ž .
Ž . Ž . NŽ . NŽ .works with u g D A , ¤ g D A or u g D A , ¤ g D A , wherep q p q
1 1
1 - p , q - ‘, q s 1,
p q
and
1 1
p 1 p<w xD A [ u g L 0, 1 , l C 0, 1 a u0 g L 0, 1 , ,Ž . Ž . Ž .p ½ ž / ž /a a
u 0 s u 1 s 0 ,Ž . Ž . 5
1 1
N p 1 pw xD A [ u g L 0, 1 , l C 0, 1 N a u0 g L 0, 1 , ,Ž . Ž . Ž .p ½ ž / ž /a a
u9 0 s u9 1 s 0 .Ž . Ž . 5
Ž Ž .. Ž NŽ ..A, D A generates T and A, D A generates S when 1 F p F 2.p p p p
Ž . Ž .The above calculation 3.3 implies that for 1 - p - 2, T t * agrees withp
Ž . qŽŽ . .T t when restricted to L 0, 1 , 1ra , where q is as above, 1rp q 1rq sp
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Ž Ž .. Ž . Ž1. In other words, A, D A generates T , and T t acting onp p
pŽŽ . .. Ž . pŽŽ . .L 0, 1 , 1ra is the restriction of T t to L 0, 1 , 1ra for all t G 01
and 1 F p F ‘. The same is true with T replaced by S .p p
Ž . ŽHence if 2 - q - ‘, for p g 1, 2 , the dual exponent i.e., 1rp q 1rq
.s 1 ,
T t y I s T t y I F 2 y e - 2Ž . Ž .q p p
S t y I s S t y I F 2 y e - 2Ž . Ž .q p p
5 5 5 5for all t ) 0 and a suitable e ) 0, since L s L* holds for linearp
operators L. This duality argument shows that Theorem 3.4 is a conse-
quence of Proposition 3.3 and its proof.
4. APPLICATIONS
We consider the linear Kompaneets operator,
1
Au [ a u9 q ku 9,Ž .Ž .
b
Ž .which is defined for functions u on 0, ‘ with boundary conditions
a u9 q ku “ 0 as x “ 0, ‘.Ž .
w xThis operator was studied in detail by K. Wang in 20 on various spaces.
w x 2Favini et al. 9 studied this operator on a weighted L space, but with
fewer restrictions on the coefficients a , b , and k than Wang imposed.
Here we show that, under the same weak conditions on the coefficients as
w x pin 9 , a realization A of A in a suitable weighted L space generates anp
analytic contraction semigroup.
1, ‘Ž . Ž .We assume a , k g W 0, ‘ with a ) 0 on 0, ‘ and b ) 0 a.e. Inl oc
‘ Ž .addition, we assume b , 1rb g L 0, ‘ , andl oc
‘ b sŽ .
ds - ‘;H
g sŽ .0
here
g x [ eH1
x kŽ s. d s .Ž .
Let
py1xH kŽ s. d s1g x [ eŽ . Ž .p
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for 1 - p - ‘, x ) 0. Note that g s g , and g ) 0. Let2 p
X [ L p 0, ‘ , bg dxŽ .Ž .p p
p Ž .be the L space on 0, ‘ with weight function w s bg . Let A be Ap p p
acting on X with domainp
‘ a xŽ . 2 py22, p < < < < <D A [ u g X l W 0, ‘ u9 x u x dx - ‘,Ž . Ž . Ž .Ž . Hp p l oc½ g xŽ .0
a x dŽ .
Au g X , lim g u x s 0 .Ž . Ž .p 5g x dxx“0, ‘ Ž .
ŽHere we confine ourselves for the moment to p G 2 to avoid a negative
Ž ..exponent in the description of D A . Note that the last condition in thep
Ž .description of D A is an analogue of the Wentzell boundary conditionp
in this case.
We restrict X to consist of real functions; the extension to complexp
functions is not difficult, but the exposition is a bit easier in the real case.
p < < py1 p < < py1By s we mean the odd function s “ s s on R. Then, Ds s p s is
even, and
d p py1< <u x s p u x u9 xŽ . Ž . Ž .Ž .
dx
1, pŽ .holds for functions u in W 0, ‘ . The duality map J on the spacel oc p
Ž pŽ . .X [ L 0, ‘ , g b dx is given byp p
J u s c u py1 ,Ž .p u
 4where c is the correct normalization constant and c ) 0, for u g X _ 0 .u u p
Ž .Let u g D A , p G 2. Then, integration by parts givesp
‘ 1
py1² :A u , J u s c a u9 q ku 9 x u x b x g x dxŽ . Ž . Ž . Ž . Ž .Ž .Hp p u pb xŽ .0
9‘ a g u 9Ž .
py1s c x g u x dxŽ . Ž .Ž .Hu pg0
‘ a x g u 9 xŽ . Ž . Ž .
py1s yc g u 9 x dx q B.T .,Ž .Ž .Hu pg xŽ .0
Ž .where the boundary term B.T. vanishes, since u g D A .p
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If we set ¤ [ g u, then g u py1 s ¤ py1; thus the above calculationp
becomes
‘ a xŽ .
py1² :A u , J u s yc ¤ 9 x ¤ 9 x dxŽ . Ž . Ž .Hp p u g xŽ .0
‘ a xŽ . py2< <s yc ¤ 9 x p y 1 ¤ x ¤ 9 x dxŽ . Ž . Ž . Ž .Hu g xŽ .1
‘ a xŽ . 2 py2< < < <s yc p y 1 ¤ 9 x ¤ x dx F 0,Ž . Ž . Ž .Hu g xŽ .0
w xsince a , g ) 0. Hence A is dissipative on X . By the arguments in 9 , wep p
have
C‘ 0, ‘ ; R I y A ,Ž . Ž .c p
w xand A is essentially m-dissipative on X . The argument in 9 uses thep p
w xLax]Milgram lemma. The argument in Wang 20 uses the Clement]Â
Timmermans theorem, which requires the coefficients of the operator A
to be continuous, whereas we only require local boundedness of the
relevant coefficients. Let A denote the closure of A on X . Then Ap p p p
Ž Ž ..generates a contraction semigroup T t on X for 2 F p - ‘ by thep t G 0 p
Hille]Yosida theorem. If we define the pairing
‘
² :f , g [ f x g x b x g x dxŽ . Ž . Ž . Ž .H
0
‘ Ž . Ž .1rp 1rqpy1 rp qy1 rqs f x b x g x b x g x dx ,Ž . Ž . Ž . Ž . Ž .H
0
where 1 - p, q - ‘, and 1rp q 1rq s 1, we see that the dual space of Xp
Ž Ž .y1 Ž x.is X 2 F p - ‘, q s 1 y 1rp g 1, 2 . The adjoint semigroup andq
generator are given by
T t s T t *, A s AU .Ž . Ž .Ž .q p q p
Here A is a suitable realization of A, since A is self-adjoint on X .q 2 2
 4Let 1 - p* - 2 - p** - ‘. Then, for r g p*, p** , we have that
5 5 5 5lim T t y I F 2, lim T t y I F 1,Ž . Ž .r 2
t“0 t“0
w x Ž Ž ..and so by the previous argument, using Neuberger's theorem 14 , T tp t G 0
Ž Ž ..is an analytic semigroup for p* - p - p**. It follows that T t is anp t G 0
analytic semigroup for 1 - p - ‘.
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FINAL REMARKS
In this paper we have focused on the operator Au [ a u0 with the
Ž .q yboundary conditions lim u9 x s 0 on various domains, mainly inx “ 0 , 1
1ŽŽ . .L 0, 1 , 1ra . A similar theory can be developed if we consider instead
the operator
ÄAu [ a u0 y s y 1 a 9u9Ž .
with the boundary conditions
u9 xŽ .
lim s 0sy1q y a xx“0 , 1 Ž .
1ŽŽ . s. y1 sŽ .on analogous domains in L 0, 1 , 1ra , if we assume a g L 0, 1 for
1Ž .s ) 1 and a g C 0, 1 . In this case we can also use the interpolation
theorems in Section 3 to obtain analyticity results in certain weighted L p
spaces. We omit the details.
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